Introduction
The classical integral inequality due to Hardy [3] , (sec, [4] , p. 240) can be stated as follows:
UP> 1, /(®) > 0, 0 < x < oo and F(x) = /(<) dt, then
The equality holds in (1) if f(x) = 0.
This inequality was first discovered by TIardy [3] in 1920, in the course of attempts to simplify the proof of the llilbert's double series theorem ([4] , p. 234). There arc now many proofs and generalizations of the inequality (1). In particular, Copson [2] gave some interesting generalizations of the inequality (1) which in turn arc the integral analogues of some series inequalities he had found many years earlier. Although there exists far reaching extensions and generalizations of the inequality (1), it seems that there is no natural multivariate version of (1) in the literature (see, [1]-[10] ). This suggests that we should look for multivariate generalizations of the inequality (1) in view of its fundamental importance in analysis. The main objective of this paper is to present some natural multivariate generalizations of the inequality (1) which in turn are the multivariate analogues of some of the inequalities given by Copson in [2] . The analysis used in the proof is simple and based on the applications of the well known Fubini's theorem.
Statement of results
In what follows, let B and II be subsets of the n-dimcnsional Euclidean respectively, where < y i and a¡ < b¿. Throughout this paper without further mention, we assume that all inequalities between vectors are componentwise and all the integrals exist on the respective domains of their definitions.
Our main results arc given in the following two theorems. THEOREM 1. Letp > 1 ande > 1 be constants. Let f(x) be a non-negative and integrable Junction on B and let r,-(.T,-), i = 1 ,...,n, be non-negative continuous functions on (0, 00) and let
The equality holds in (4) if f(x) = 0. 
The equality holds in
Remark 1. In the special case when r,(x,) = 1, the inequality established in Theorem 1 reduces to the natural multivariate version of the Hardy's inequality given in (1) which in turn yields the inequality (1) when n = l. Here, it is to be noted that the inequalities established in Theorems 1 and 2 are the multivariate generalizations of the inequalities established by Copson in ([2] , Theorems 1 and 3).
We next establish the following slightly different versions of Theorems 1 and 2. 
The equality holds in (9) if fj(x) = 0. x f{yi,---,y n -i,yn)dy n -i---dyi}dy n } dx n .
By keeping x l5 ..., x n _i fixed in (15) 
x /(2/1,... ) 2/n-1 5 71 ¿2/1 }]x X ' \x n )r n > (a n )| J r n (y n ) X
f/?y n _i...f/j/i }dy n y dx" . Now applying Holder's inequality with indices p, on the right-hand side of (17), we obtain
Dividing both sides of (18) by the last factor on the right-hand side of (18) and then raising both sides to the pth power, we obtain
Substituting (19) in (14) and using Fubini's theorem we observe that
where bn-l (21) /"_i = f i2^1(.r"_i)r n _ 1 (.r 7l _ 1 )| J r"_i(y w _!) x
Now, by following exactly the same arguments as above, we obtain
¿=1
Substituting (22) in (20) and again using Fubini's theorem as above and continuing in this way, we finally get
Letting a ->• o, i.e. dj -> 0 in (24) we have
Since this holds for
This completes the proof of Theorem 1. In order to establish inequality ( , we obtain the desired inequality in (6). In order to establish the inequality (9) in Theorem 3 we denote by J the integral on the left-hand side in (9). Then, by using Fubini's theorem, we have The rest of the proof of Theorem 3 follows exactly the same steps as in the proof of Theorem 1 below the inequality (16) with suitable changes and hence we omit the details. The proof of Theorem 4 proceeds in very much the same way as in the proofs of Theorems 1-3 given above with suitable modifications. We omit the details.
Remark 3. In a recent paper [10], Wannebo has generalized the inequality (1) for functions in C£°(/2) with 1? an open and proper subset of R n . The proof of the main result in [10] is based on a theorem by Mazja [7] which is a Poincaré inequality for functions defined in a cube. Our proofs of Theorems 1-4 seem to be simple, direct and elementary and we believe that our results arc of interest in themselves.
